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Abstract: In the ordinal consensus ranking problem (OCRMPetofk decision
makers rank a set af alternatives with regard to one overall criteri@n a set of
criteria) from the T place to the"" place. The goal is to find a consensus ranking
expressing an opinion of a group. The aim of thigla is to present a model for
OCRP solution with uncertain rankings. This apploescmore suitable than classic
approach with certain rankings, as the latter cdsesn’'t allow for imprecise
information or uncertainty often involved in reaaision-making processes. In this
paper uncertain ranking; is defined as a decision maker's confidence timt a

alternativei is ranked at thg" position, Wheregij D[O,J] and Zgij =1 for alli. In
J

the model for OCRP solution with uncertain rankiggseralized means operator is
used for ranking aggregation and the final consemaoking is obtained by the use
of a binary dominance relation. The model can bereled to multiple criteria or

different weights of decision makers, and it camdia the cases with certain
rankings as well. Also, the model’'s setting enalitesevaluate decision makers’
preferences in terms of inconsistence and indesnigiss.
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1 Introduction

The ordinal consensus ranking problem (OCRP) reptssa special case of (multi-criteria) group deais
making which history dates back to the works bydgof2] and Condorcet [3] from the late"8entury. In
OCRP a set of decision makers (experts) rank afsaiternatives with regard to a given set of cider one
overall criterion. The goal is to find a consensarsking expressing an opinion of a group. In geln¢hnare are
two different classes of (classic) methods for OGRition, ad-hoc methods and distance based, wdrieh
briefly discussed in the next Section. The ‘statéhe art’ of the ordinal consensus rankings problean be
found in [4]. Recently, some new methods of sohutigere proposed (see [11, 13]) and research hasddoon
examination of conditions, under which the sameltés obtained by different methods ([6, 7, 8, 12]).

The aim of this article is to present a model f@olution to ORCP when alternatives’ rankings areeutain.
This approach may be more suitable when comparditketalassic approach with certain rankings, adatier
case doesn't allow for imprecise information or entainty often involved in real decision making peeses. In
OCRRP it is assumed that each decision maker prevate order (ranking) of all alternatives. Howevemany
cases a decision maker is not able to do so disekoof knowledge, time pressure, imprecise infdiom etc.
In such situations a decision maker can expresptaferences in a form of ranking with some degrée
uncertainty. If a decision maker is certain abostrianking, he assigns each alternative its pasitiith full
confidence (with the probability equal to 1). Bfihe is uncertain, he can give a degree of confidehat an
alternative is placed at tm&" position by the number from [0,1].

The proposed model with uncertain rankings canxteneled for multiple criteria and different weiglus
decision makers, and it incorporates cases wipaankings as well, thus providing a generalizatm classic
methods for OCRP solution. Moreover, model's sgttenables to evaluate ‘quality’ of decision makers’
preferences in terms of indecisiveness and inctamis.

The paper is organized as follows: the classic @ggr to OCRP is discussed in Section 2; the prapose
model with uncertain rankings is described in Sect8 followed by an illustrative example in Sectidn
Model’s extensions are presented in Sections S5aadd Conclusions close the article.
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2 Methods for OCRP solution with certain rankings

In OCRP with certain rankings each decision mak#vlY ranks alternatives from the best to the woEstch
ranking constitutes total order on a set of altévea, as each alternative is assigned precisedypasition. The
final group ranking (consensus) is achieved by sofrikese classic single criterion methods:

* Ad-hoc methods

-Borda-Kendall's method of marKsee [2] and [9]): each alternative is given a banof points corresponding
to its rank. The best alternative is the alterratiith the lowest total count (mark) or the lowagtrage.
-Condorcet’'s simple majority rulésee [3]): the best alternative is an alternatiwveferred over all other
alternatives in pair-wise comparisons.

-Maximize agreement heuristfiMAH) by Beck and Lin [1]: all alternatives areipwise compared by all DMs
and then ranked in the descending order accordirtbeir total number of preference®) (or non-preferences

(N).
» Distance based methods

In distance based methods rankings of DMs are ctetvénto a vector, object-to-object or object-smk matrix
(alternatives are displayed in rows and their pmsiin columns) representation subsequently. Thgrthe use
of a suitable distance function on vector or magpaces, the consensus is searched through the spadl
possible rankings (permutations of the ordgrwhere the consensus is defined as the rankitigthve minimal
sum of distances to rankings of all DMs. Usualhg followingl, metric is used as a distance function:

n o n
d(A,B):El jélqj _H‘

whereA (a;) and B (b;) are square matrices of the orderDistance based methods include €gnsensus
ranking model(CRM) by Cook and Kress [5] anBistance-based ideal-seeking consensus ranking Imode
(DCM) by Tavana et al. [13].

However, all aforementioned methods share sevienghtions. They cannot handle ties or non-prefeesn
between alternatives; they don'’t allow expressimnggree of preference among alternatives; theyt@émble to
express decision makers’ importance (weight) andllff they assume precise information in the fofraertain
ranking of alternatives is provided by DMs. Aboventioned disadvantages can be put aside by thefuke
proposed model with uncertain rankings.

3 OCRP with uncertain rankings

3.1 Uncertain rankings

In the context of this paper certain rankings byrie-rankings) have to be distinguished from umaier rankings
(u-rankings). C-ranking is represented by a bimagference matrix with rows corresponding to aktites and
columns to positions (for an example see Figurd i¢se matrices are bistochastic, as there isgalgaine 1 on
each row and column. By analogy, u-ranking canegmpeasented by a row stochastic matrix with elemientise
interval[o,]], see Figure 1. Formally, u-rankings are introduogthe following Definition 1.

1 0 0 O 0.3 03 02 0.
K = 0 1 0O L= 02 04 0.2 O
0 0 01 04 03 02 0.
0 01 0 0.1 0.2 04 O

Figure 1 Matrix representation of c-rankings (K) and u-riaagls (L) of four alternatives A, B, C, and D.
Matrix K gives following crisp ranking: (A, B, BG)

Definition 1. Let gi'j( D[o,]] be confidence of thé"kdecision maker that an alternative i occupies jfhe
position, where i, [J {1,2,...,n} and K1 {1,2,...,K}. Thengi'j( D[o,]] is called uncertain ranking (u-ranking), if:

n
> gk =1foralliandk (1)
=
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According to this definition u-rankings are norraalil. Ordering of alternatives is uncertain (fuzirythe
sense that each alternative can occupy each pusitia generally with the different degree of cdefice (see
Table 1). Hence, uncertain rankings can be regaateduzzy measures on the set of positions. From a
probability point of view, u-ranking of a given @lhative can be interpreted as a probability masstion that

assigns a valup(x) to each positiom;, i 0{1,2,...N} , such that:

N
p(x)=0 andiélp(&)ﬂ )

3.2 Aggregation of uncertain rankings
DMs’ u-rankingsgilf have to be aggregated by aggregation functions orabdpes. In this paper generalized

means [16]h: [o,J]n - [0.1 are used in the following form:

=S ] ©

where aDR—{O} . Fora = 1 we obtain the arithmetic mean, fer- 0 the geometric mean and fer= -1 the

harmonic mean [10]. In the model the averaging ajeen(3) witha = 1 anda - 0 is used. The average (group)
u-ranking of an alternativieat the position is denoted als;.

3.3 Ordering of alternatives

As the aim of OCRP is to establish the final graxgmsensus ranking, alternatives must be compardd an
ordered finally. For a comparison of alternativies following binary dominance relation is introddce

Definition 2. Let h; be the group u-ranking of the alternative i at fh@sition j. Then, the cumulative group u-
ranking H; of alternative i from the®ito the |" position is given as:

J
Definition 3. An alternative r dominates an alternative(|s> s) if cumulative group u-rankings jHof an

alternative r are at least equal to cumulative geaurrankings i of an alternative s for every position j, and
there is a position p such that cumulative groufaoking H, is higher than K;

[>S < Hpp 2Hgp, ONO{L 2, N} U Hpy > Hgp, 1<psN (5)

The dominance relation (5) provides a partial qoader on the set of alternatives, as some altieest
might not be comparable and thus the final conseresking (and the best alternative) might not iigue.

3.4 The model

The proposed model for the solution of the ordew@isensus ranking problem with u-rankings is corapgasf
three parts: u-rankings of individual decision nrakéhe aggregation (averaging) operator and thmirtince
relation.

Decision makers’ uncertain rankings of each altiavaapreferably in a matrix format, represent thedel’s
input. The output of the model is the best alteveafor alternatives). The model proceeds in fiteps:

1. Each DM gives u-ranking; for each alternative according to his knowledge eonfidence.

2. DMs’ u-rankings are aggregated for each altéreaand each position by the averaging operatar (3)
When other than arithmetic mean is used for aggi@yaaverage group u-rankings have to be normdlize
subsequently.

3. For each alternativiecumulative group u-rankings; is evaluated by (4). Because of normalizatityn=
1 for each alternativie

4. All alternatives are pair-wise compared witl tise of the dominance relation (5).

5. Alternatives are ranked according to their danue.

It is possible to integrate an additional step leetwsteps 1 and 2 evaluating decision makers’ mggkin
terms of indecisiveness and inconsistence (seéo8etfor details).
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As certain rankings constitute only a special dassubset) of uncertain rankings, they can be leanoly the
model as well. The next section illustrates howrttealel works.

4 lllustrative example

Four decision makers (DMo DM,) rank four alternatives A, B, C and D from the titesthe worst. U-rankings
of DMs are presented in Table 1. Rankings for edignative are averaged with respect to DMs iation (6)

with n = 4,K = 4 anda = 1 and they are shown in Table 2. Cumulative grouankings of all alternatives are
presented in Table 3.

As for alternatives’ comparison, from the dominanelation (7) we get:
A-B, A-C,A-~D,B>~C,B>D
AlternativesC andD are non-comparable. Therefore, we obtain two fiaak orders: (A, B, C, D) and (A,

B, D, C). In both cases the best alternative is A.

If the geometric meana( - 0) is used for rankings aggregation instead of thithraetic mean, results

wouldn’'t change (see Table 4 and Table 5). Howethex, geometric mean is not appropriate operator for
aggregation of rankings consisting of many 0.

DM, 15t 2 3¢ 4n DM, 1% 2 3¢ 4n
A 0.4 0.2 0.1 0.3 A 0.5 0.3 0.1 0.1
B 0.3 0.3 0.2 0.2 B 0.3 0.3 0.2 0.2
C 0.1 0.2 0.4 0.3 C 0.2 0.3 0.4 0.1
D 0.1 0.4 0.4 0.1 D 0.1 0.3 0.5 0.1
DM, 1% 2d 3¢ 4n DM, 1% 2 3¢ 4n
A 0.6 0.2 0.1 0.1 A 0.4 0.4 0.2 0
B 0.3 0.4 0.2 0.1 B 0.3 0.3 0.3 0.1
C 0.2 0.2 0.3 0.3 C 0.1 0.2 0.4 0.3
D 0.1 0.2 0.3 0.4 D 0.1 0.3 0.4 0.2

Table 1 U-rankings of decision makers QDM DM, for alternatives A, B, C, D

Alternative f 2 3¢ 4n
A 0.475 0.275 0.125 0.125
B 0.3 0.325 0.225 0.15
C 0.5 0.225 0.375 0.25
D 0.1 0.3 0.4 0.2
Table 2 Group u-rankings of alternatives A, B, C, D foe ti', 2", 3% and 4 place
Alternative f 2 3¢ 4n
A 0.475 0.75 0.875 1
B 0.3 0.625 0.85 1
C 0.15 0.375 0.75 1
D 0.1 0.4 0.8 1
Table 3 Cumulative group u- rankings of alternatives A@,D for all places
Alternative £ 2 3¢ 4"
A 0.564 0.3 0.136 0
B 0.305 0.327 0.225 0.144
C 0.147 0.23 0.387 0.237
D 0.105 0.306 0.413 0.176
Table 4 The geometric mean of uncertain rankings of adteves A, B, C and D
Alternative £ 2 3¢ 4"
A 0.564 0.864 1 1
B 0.305 0.632 0.857 1
C 0.147 0.377 0.764 1
D 0.105 0.411 0.824 1

Table 5 Cumulative group u-rankings of alternatives ABand D
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5 Extensions

The model’s setting presented in Section 3 enattiegghtforward extensions in terms of decision enak
weights and multiple criteria:

» To each decision maker weights can be assigned according to his/her importandaowledge. For the
aggregation of preferences, e.g. the weightedragtit mean can be used:

(5. ) Z(él 0 DV&)/ éﬂ (6)

« Alternatives can be ranked by more than one ooiterand in this case criteria themselves can bieechim
order of importance in the same way as alternati/ke overall u-ranking of each alternative is ofgd by
the aggregation over criteria of each DM and thegr @ll decision makers (or vice versa) with the o
(6). Again, u-rankings should be normalized in phecess.

6 The evaluation of decision makers’ preferences

The model’'s framework allows evaluating expertstidiens in terms ofndecisivenessandinconsistenceAn
expert is absolutely decisive, when he assigns ademative value 1 for a given position and value all
other positions, and indecisive otherwise. To eat@uindecisiveness, Shannon’s entropy as a meadure

uncertainty can be used [10]:
N
1 (8(9) <=8, o)y o ). @

wherep(x;) are probabilities assigned to values D{l, 2,..N} ;andH (p(xi )) = for p()ﬁ ) =0.
A decision maker is absolutely indecisive, if he oydes u-rankings with the uniform

diStI’ibutiOﬂp(x]- ) = % o D{1,2,..N} for a given alternative (see an example on thehlafd side of Table 6). In

this case, the entropy (7) is equal to the Harleyformation| (N) (Hartley’'s measure ohonspecifity
|(N):|092N. Because each decision maker provides u-rankingsN oalternatives, DM’s maximum

indecisivenestND 4 iS given as:
INDpax = Nlog, N (8)

The overall DM’s indecisivenedBID is given as:
N N
=- " . 9
IND=-2, 2 g Eﬂogz(qj) (9)

A DM is absolutely consistent in his judgment, i Bum of u-rankings for each position over akaiatives
is 1, and inconsistent otherwise. Therefore, inst@scelND in the model’s setting is given as:

N
2 i —1‘ (10)

Maximum inconsistencéNC,x is achieved when a DM assigns value 1 to the sposition for all
alternatives (see an example on the right-handdfidable 6). Then from (10) we obtain:

N
INC= Y
1=

INCrax = 2(N-1) (11)

Relations (8-9) and (10-11) allow expressing thatire indecisivenesiND, and reative inconsistentdC;:

IND, =D (12)
INDimax

INC, = e 13)
INCrax

Extreme cases of experts’ decisions are illustratehble 6. DM is absolutely indecisivdND = 2), but he
is absolutely consistentNC = 0), while DM, is absolutely decisivdND = 0), but he is absolutely inconsistent
(INC = 6). Unlike many other models, which pay littlerm attention to the quality of experts’ decisioimsthe
presented model experts’ decisions can be easitly @marly scrutinized in terms of indecisivenessl an
inconsistence, and highly indecisive and/or highponsistent experts (such as DMs shown in Tablaight be
given lower weights or even may be excluded frodeeision making process.
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DM, 1% 2 3 4n DM, 1™ 2 31 4
A 0.25 0.25 0.25 0.25 A 0 1 0 0
B 0.25 0.25 0.25 0.25 B 0 1 0 0
C 0.25 0.25 0.25 0.25 C 0 1 0 0
D 0.25 0.25 0.25 0.25 D 0 1 0 0

Table 6 DM, assigns each alternative and each position the safne 0.25, hence he is absolutely indecisive.
DM, ranks all alternatives in"2position, and hence he is absolutely inconsistent

7 Conclusions

The aim of the article was to present a simple rhémleordinal consensus ranking problem with unaiert
rankings, and to illustrate the use of the modekkgmples. The model is more realistic for a sofutf real-
world problems involving uncertainty and imprecisgormation. Other advantages of the model include
computational simplicity and extensions to multiptéeria or different weights of decision makekéoreover,

in the model’'s setting experts’ judgments can balated in terms of indecisiveness and inconsisteAs
certain rankings constitute the subset of uncereikings, the model provides generalization tgsitamethods
for the ordinal consensus ranking problem solution.
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