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Risk-Sensitive and Average Optimality
in Markov Decision Processes

Karel Sladky!

Abstract. This contribution is devoted to the risk-sensitive optimality crite-
ria in finite state Markov Decision Processes. At first, we rederive necessary and
sufficient conditions for average optimality of (classical) risk-neutral unichain
models. This approach is then extended to the risk-sensitive case, i.e., when ex-
pectation of the stream of one-stage costs (or rewards) generated by a Markov
chain is evaluated by an exponential utility function. We restrict ourselves on
irreducible or unichain Markov models where risk-sensitive average optimal-
ity is independent of the starting state. As we show this problem is closely
related to solution of (nonlinear) Poissonian equations and their connections
with nonnegative matrices.
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1 Notation and Preliminaries

In this note, we consider unichain Markov decision processes with finite state space and compact action
spaces where the stream of costs generated by the Markov processes is evaluated by an exponential utility
function (so-called risk-sensitive models) with a given risk sensitivity coefficient.

To this end, let us consider an exponential utility function, say u7(-), i.e. a separable utility function
with constant risk sensitivity v € R. For v >0 (risk averse case) @7(-) is convex, if v <0 (risk seeking
case) 47 (-) is concave. Finally if y=0 (risk neutral case) @” () is linear. Observe that exponential utility
function @”(-) is separable and multiplicative if the risk sensitivity v # 0 and additive for v = 0. In
particular, we have uY (&1 + &2) = u¥(&1) - u¥(&2) if v # 0 and w” (&1 + &) = & + & for v = 0.

Then the utility assigned to the (random) outcome £ is given by

@(€) =

sign ) ex , if 0,
{ (sign 7) exp(y€), if v # )

¢ fory=0.
For what follows let wY(£) = exp(7€), hence @w”(§) = (sign v)u?(£). Obviously @”(-) is continuous
and strictly increasing. Then for the corresponding certainty equivalent, say Z7(&), since a?(Z7(§)) =
E[aY(¢)] (E is reserved for expectation), we immediately get

! In{E u" ,if 0
Z”(f):{ 7~ In{E u7(§)} v # 2

E[¢] for v = 0.

In what follows, we consider a Markov decision chain X = {X,,, n =0,1,...} with finite state space
Z={1,2,...,N} and a compact set 4; of possible decisions (actions) in state i € Z. Supposing that in
state i € 7 action a € A; is selected, then state j is reached in the next transition with a given probability
pi;(a) and one-stage transition cost ¢;; will be accrued to such transition.
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A (Markovian) policy controlling the decision process is given by a sequence of decisions (actions) at
every time point. In particular, policy controlling the process, ™ = (f°, f1,...), with 7% = (f*, fF+1 ..)
for k = 1,2,..., hence also m = (f°, f1,..., fF~1 7¥) is identified by a sequence of decision vectors
{f",n=0,1,...} where f" € F = A; x ... x Ay for every n = 0,1,2,..., and f € A; is the decision
(or action) taken at the nth transition if the chain X is in state i. Policy = which selects at all times
the same decision rule, i.e. ™ ~ (f), is called stationary, hence X is a homogeneous Markov chain with
transition probability matrix P(f) whose ij-th element equals p;;(f;).

Let £2 = Sp—y a¥cxy xy,, With a € (0,1), resp. &, = Y-ry €x,,Xps1» be the stream of a-discounted,
resp. undiscounted, transition costs received in the n next transitions of the considered Markov chain X.
Similarly let £(™") be reserved for the total (random) cost obtained from the mth up to the nth transition
(obviously, &, = cx,.x, +£1™). Moreover, if the risk sensitivity v # 0 then @ (£) = (sign v) u”(£2),
resp. @¥(&n) = (sign v)u¥(&,), is the (random) utility assigned to £%, resp. to &,. Observe that

o)
€% = limy, o0 £ is well defined, hence u?(£%) = exp(y Y. @fex, x,,1)-

In the overwhelming literature on stochastic dynamic programming attention was mostly paid to the
risk neutral case, i.e. if v = 0. The following results and techniques adapted from [8] and [12] will be useful
for derivation of necessary and sufficient average optimality conditions and for their further extensions
to risk-sensitive models.

Introducing for arbitrary g, w; € R (i,j € ) the discrepancy function
Gij(w,g) =cij—wi+w;—g (3)

we can easily verify the following identities:

N 1—an . n—1 }
no 1— o gtwx, —a wx, +Zo¢k[<pxk7xk+1(w,g) - (l_a)ka+1] (4)
k=0
n—1
gﬂ = ng+uwx, —wx, + Z @Xk7Xk+1(w7g>‘ (5)
k=0

If the process starts in state ¢ and policy m = (f™) is followed then for the expected a-discounted or
undiscounted total cost V" (a,n):=ET &Y, V7 (n) := ET &, we immediately get by (4)—(5)

n—1
1—a” N "
Vz‘ﬂ—(aan) = 1— o g+ w; + ET{Z ak[¢Xk7Xk+l (wvg) - (1 - 0‘)ka+1] -« an,} (6)
k=0
n—1
‘/;Tr(n) = ng+w;+ E?{Z @Xk;Xk+1 (w’g) - an}' (7)
k=0
Observe that
n—1 L n—1
ETY Gxixion(w,9) = > pij(F){@ij(w,0) +ET D> éx,.x,p, (w,9)}- (8)
k=0 JET k=1

It is well-known from the dynamic programming literature (cf. e.g. [1, 6, 9, 10, 16]) that
If there exists state igp € Z that is accessible from any state ¢ € Z for every f € F then (%)

(i) For every f € F the resulting transition probability matrix P(f) is unichain (i.e. P(f) have no two
disjoint closed sets),

(ii) There exists decision vector f € F along with numbers @;,i € Z (unique up to additive constant),
and § being the solution of the set of (nonlinear) equations

witg = min > pi(@)eiy 1] =Y pij(fi)lei; + by, (9)
‘ez jeT
0ilf,f) = Zpij(f)[ci,j +aby] —b; — g >0 with @;(f, f) =0. (10)
JET
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From (6), (7), (10) we immediately get for V" (o) := lim V" («,n)

n— oo

. 1
T

00
—(1—0&)E? Zakkaﬂr ‘/iﬁ(n):ng+wi_E?wn
k=0

hence for stationary policy m ~ ( f ) and arbitrary policy = = (f™)

lim lV;”f( ) =lim(1 — @)V (a) = g (11)

n—oo N atl

lim lVZ’T( ) =g =lim(l — )V (a) if and only if

n—oo N atl
n—1
lim_ aE ;J% ) =o. (12)

2 Risk-Sensitive Optimality

On inserting the discrepancy function given by (3) in the exponential function u?(-) by (4) we get for the
stream of discounted costs
N f: ate
GRS (13)
n—1

n—1
_ e'v[kgo argtwx,—a" wx,] o e’Y kgo ak[@xk,xkﬂ(wvg)*(l*a) WXy ]

and for U (v, a,n) := ET u7(£%) we have

’Y{ z [¢kaxk+1 (w,g)—(l—a)ka+1]—a’L an}

U (y,a,n) = l=wgtwl o ETe (14)
Observe that w;’s are bounded, i.e. |wx,| < K for some K > 0. Hence it holds
e MK < e g et < ek (15)
and for n tending to infinity from (14) we immediately get for U (v, «) := lim U] (y,a,n)
n—oo
Ur(r,a) = @lrtsrrnl x o i Pkt () HOe ) (16)
Similarly for undiscounted models we get by (13), (14)
n—1 5
UF (.n) = erlrotul 5 prlli #Xeen (00)70] (17)
Now observe that
n—1 —
E :, e’Y kgo PXp X g1 (w,g) pr e’Y[c‘ J—wiFw; — Pl % E ol z=: Xk+1 (w,g) (18)
JET
n—1 n—1 .
E7 (e’ B gy = S gy el g e e )
lel

Employing (18) the following facts can be easily verified by (16), (17).
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Result 1.
(i) Let for a given stationary policy m ~ (f) there exist g(f), w;(f)’s such that

Zpij(fi) eleig—wi(H)+w;(f)—g(N] — sz‘j(fi) evPui(w(Ne(f) =1 e, (20)
JET JjeT
=k
Then Uf(’y, a) _ e’)’(ﬁg(f)'f'wi(f)) y E;Te*’y (1—) k§1a Wi, (f) (21)
Ur(y,n) = e/malFwilf) o gme=7 wxalf) (22)
11 1t 1s possible to select g = ¢* and w; = w}’s, resp. g = g and w; = w;’s, such that
i) If it i ibl 1 * and w; 7 g and w; ;’ h th
for any f € F, all i € Z and some f* € F, resp. fE F,
Zpij(fi) 7?19 <1 with Zpij(fi*) e PualwheT) — 1 (23)
JET jez
respectively
Zpij(fi) &Y ?ii(:9) > 1 with Zp”(f;) Y Pii(0,9) — (24)
JE€T JET
then
(Rt o= NIK < UR(y ) < UM (y,a) < V(a9 twi)  ollK (25)
V(Mg twi) | o—hIK < UF(y,n) < Uf*(v,n)) < er(ng"+wi) | lvIK (26)

Result 2. Let (cf. (2)) Z7(v,a)=3WU7(y,a), ZI(y,n)=3WU7(y,n).

Then by (25), (26) for stationary policies # ~ (f), 7 ~ (f*), and by (16), (17) for an arbitrary policy
= (/")

1 _. N 1 . .
lim —Z7(v,n) = 11?11(1 —a)ZT (v,a) = g, lim —Z7 (v,n) = ligll(l —a)ZF (y,a) =g" (27)

n—oo N, n—oo n

1 1
lim —Z7(y,n) =g", resp. lim —Z7(y,n) =g, if and only if
n—oo N n—oo 1
n=t n—1
'Yké:o P X (0797) ™ ’Ykgo Py X g1 (@:9)
2

1
i ]=0, resp. lim —In[E ]=0. (28)

1
lim —In[ET e e
n—oo N n—oo M

3 Poissonian Equations

The system of equations (20) for the considered stationary policy = ~ (f) and the nonlinear systems of
equations (23), (24) for finding stationary policy with maximal/minimal value of g(f) can be also written
as

DTNl = N7y (f) erlentes Dl (e 1) (29)
JjET
ylgt+wi]l () eYlenitwil e T
¢ max > pi(f) e i (ieT) (30)
JET
ylg+ds] . N APIETREEA = 31
e gcrélg j;zpw(fz)e (Z S ) ( )

respectively, for the values g(f), g, ¢*, wi(f), w}, w; (i = 1,...,N); obviously, these values depend on
the selected risk sensitivity v. Egs. (30), (31) can be called the y-average reward/cost optimality equation.
In particular, if v | 0 using the Taylor expansion by (29), resp. (31), we have

g(f) +wi(f) = Zpij(fi) [cij +w;(f)], resp. g+ = ?gg Zpij(fi) [ci,j + ]

JET JET

that well corresponds to (9).
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On introducing new variables v;(f) := (/)| p(f) := 79/) and on replacing transition probabilities
pi;j(fi)’s by general nonnegative numbers defined by ¢;;(fi) = pi;(fi) - €Y% (29) can be alternatively
written as the following set of equations

p(Hvi(f) = Z(Zij(fi)vj(f) (i€I) (32)

JET

and (30), (31) can be rewritten as the following sets of nonlinear equations (here 9; := €Y%, v} := err
p=e, pti=el)

S>

Pl —maqu” fvs, p IDZ%] fi)v; (1€1) (33)

JjET jGI

called y-average reward/cost optimality equation in multiplicative form.

For what follows it is convenient to consider (32), (33) in matrix form. To this end, we introduce the
N x N matrix Q(f) = [¢;;(fi)] with spectral radius (Perron eigenvalue) p(f) along with its right Perron

eigenvector v(f) = [vi(f;)], hence (cf. [5]) p(f)o(f) = Q(f)v(f). Similarly, for v(f*) = v*, v(f) = o (33)

can be written in matrix form as

prvt =maxQ(f)v*,  po=minQ(f)o. (34)

fer feF

Recall that vectorial maximum and minimum in (34) should be considered componentwise and o, v* are
unique up to multiplicative constant.

Furthermore, if the transition probability matrix P(f) is irreducible then also Q(f) is irreducible and
the right Perron eigenvector v(f) can be selected strictly positive. To extend this assertion to unichain
models in contrast to condition (x) for the risk neutral case it is necessary to assume existence of state

ip € T accessible from any state i € Z for every f € F that belongs to the basic class® of Q(f). (*x)

If condition (xx) is fulfilled it can be shown (cf. [15]) that in (30), (31) and (33) eigenvectors v(f), o, v*
can be selected strictly positive and p*, resp. p, is the maximum, resp. minimum, Perron eigenvalue of
the matrix family {Q(f), f € F}.

So we have arrived to

Result 3. Sufficient condition for the existence of y-average reward/costs optimality equation is the
existence of state ig € Z fulfilling condition (sx) (trivially fulfilled for irreducible models).

In particular, for unichain models condition (*x) is fulfilled if this risk sensitive coefficient ~y is suffi-
ciently close to zero (cf. [3, 4, 15]). Finding solution of (34) can be performed by policy or value iteration.
Details can be found e.g. in [2, 3, 7, 14, 15].

Finally, we rewrite optimality condition (28) of Result 2 in terms of Q(f), ¥, p. To this end first
observe that

"~ . n—1

- ’Ykzo ‘PXk‘Xk,+1('w»g) k 'Y[Ctk i 1+1D1k l_wik_g]

Efe ™= = H E : pik7ik+l( ik)e et +
= ip+1€L

n—1
= H Z qik77;k+1(fik;) “Digeyy ﬁi;l pt (35)
k=0

ip+1€L

So equation (28) can be also written in matrix form as
lim —1 VIIQ(ff) Vet b = lim —1 Mypt
ngf;onn{ﬂ Q) } H;on{ HQf

where the diagonal matrix V = diag [0;] and 0O is reserved for a null matrix.

f/}.f/—o (36)

L(i.e. irreducible class with spectral radius equal to the Perron eigenvalue of Q(f))
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4 Conclusions

In this note necessary and sufficient optimality conditions for discrete time Markov decision chains are
obtained along with equations for average optimal policies both for risk-neutral and risk-sensitive models.
Our analysis is restricted to unichain models, and for the risk-sensitive case some additional assumptions
are made. For multichain models it is necessary to find suitable partition of the state space into nested
classes that retain some properties of the unichain model. Some results in this direction can be found in
11, 15, 17, 18].

Acknowledgements

This research was supported by the Czech Science Foundation under Grants P402/11/0150 and P402/10/0956.

References

[1] Bertsekas, D.P.: Dynamic Programming and Optimal Control. Volume 2. Third Edition. Athena
Scientific, Belmont, Mass. 2007.

[2] Cavazos-Cadena, R. and Montes-de-Oca R.: The value iteration algorithm in risk-sensitive average
Markov decision chains with finite state space. Mathematics of Operations Research 28 (2003), 752
756.

[3] Cavazos-Cadena, R.: Solution to the risk-sensitive average cost optimality equation in a class of
Markov decision processes with finite state space. Mathematical Methods of Operations Research 57
(2003), 253-285.

[4] Cavazos-Cadena, R. and Herndndez-Herndndez, D.: A characterization of the optimal risk-sensitive
average cost infinite controlled Markov chains. Annals of Applied Probability 15 (2005), 175-212.

<

Gantmakher, F.R.: The Theory of Matrices. Chelsea, London 1959.

=

Howard, R. A.: Dynamic Programming and Markov Processes. MIT Press, Cambridge, Mass. 1960.

=

Howard, R. A. and Matheson, J.: Risk-sensitive Markov decision processes. Management Science 23
(1972), 356-369.

=)

Mandl, P.: On the variance in controlled Markov chains. Kybernetika 7 (1971), 1-12.

[9] Puterman, M. L.: Markov Decision Processes — Discrete Stochastic Dynamic Programming. Wiley,
New York 1994.

[10] Ross, S.M.: Introduction to Stochastic Dynamic Programming. Academic Press, New York 1983.

[11] Rothblum, U.G. and Whittle, P.: Growth optimality for branching Markov decision chains. Mathe-
matics of Operations Research 7 (1982), 582-601.

[12] Sladky, K.: On the set of optimal controls for Markov chains with rewards. Kybernetika 10 (1974),
526-547.

[13] Sladky, K.: On dynamic programming recursions for multiplicative Markov decision chains. Mathe-
matical Programming Study 6 (1976), 216-226.

[14] Sladky, K.: Bounds on discrete dynamic programming recursions I. Kybernetika 16 (1980), 526-547.

[15] Sladky, K.: Growth rates and average optimality in risk-sensitive Markov decision chains. Kyber-
netika 44 (2008), 205-226.

[16] Tijms, H.C.: A First Course in Stochastic Models. Wiley, Chichester, 2003.

[17] Whittle, P.: Optimization Over Time — Dynamic Programming and Stochastic Control. Volume II,
Chapter 35. Wiley, Chichester 1983.

[18] Zijm, W.H.M.: Nonnegative Matrices in Dynamic Programming. Mathematical Centre Tract, Am-
sterdam 1983.

-804 -



